The quantum algebra of observables of a particle moving on a homogeneous con guration space Q = G=H , the transformation group C -algebra C (G; G=H ), is deformed into its classical counterpart C 0 ((T G)=H ). The Poisson structure of the latter is obtained as the classical limit of the quantum commutator. The superselection sectors of both algebras describe the particle moving in an external Yang-Mills eld. Analytical aspects of deformation theory, such as the nature of the limit~! 0, are studied in detail. A physically motivated convergence criterion in~is introduced. The WeylMoyal quantization formalism, and the associated use of Wigner distribution functions, is generalized from at phase spaces T R n to Poisson manifolds of the form (T G)=H .
Introduction
In approaches to quantization theory which assign central importance to the notion of an algebra of observables, one usually starts with a`classical' algebra A 0 . This is an algebra of (smooth) functions on some manifold M, equipped with a pointwise product and a Poisson bracket f ; g. With it one then associates a family of quantum' algebras A~, indexed by a parameter~> 0 27, 2] (note that~ought to be identi ed with a dimensionless combination of Planck's constant and a parameter characteristic of the physical system under study; it is such combinations, rather than Planck's constant itself, that are variable in nature). Various categories of algebras A~have been proposed in the literature; for the sake of analytical convenience, we follow in taking quantum algebras of observables to be C -algebras (in the present context also cf. 32]).
In any case, the relevant algebraic feature is that A~should have two internal multiplications that can be compared with and f ; g in A 0 . In an operator algebra these are (one half times) the anticommutator ; ] + , and (i=~times) the commutator ; ] ? , respectively. The correspondence between the commutator and the Poisson bracket is impeccable: both are non-associative antisymmetric operations satisfying the Jacobi identity. The match between the anticommutator and the pointwise product of functions is not quite so good: both are symmetric, but the latter is associative while the former is not.
Alternatively, one may concentrate on the correspondence between in A 0 and the associative operator product ~i n each A~. In the standard approach to deformation quantization 1] one takes A~= A 0 as sets, and deforms into an associative product ~o n A~. To match the algebraic structures of classical and quantum mechanics, one requires that lim !0 i~ f; g]? = ff; gg; 1 2 lim !0 f; g]+ = f g; (1.1) where the (anti)-commutators are computed with the ~p roduct on A~. For example, if the system is a particle moving on the con guration space Q = R n one takes A 0 = C 1 (T R n ) with the usual Poisson bracket, and in canonical co-ordinates p; x (x 2 R n ) the deformed product is formally given by 27, 1] The meaning of the limits in (1.1) and of the exponential in (1.2), and, more generally, of notions of~-dependence and convergence, needs to be made precise. In 1] formal power series in~are used, whereas in 32] a C -algebraic framework is used, in which questions of convergence are handled using the norm topology. (An interesting mathematical point here is that under suitable conditions norm convergence implies that the K-theory of A 0 is related to that of A~ 4]). Also, in case that f and g are symbols of pseudo-di erential operators in appropriate classes, one may de ne the exp in (1.2) by means of a formal asymptotic expansion, replacing the equality sign by a symbol signifying asymptotic convergence 10]. None of these procedures appear to be particularly meaningful from a physical point of view. In our opinion, a physically satisfactory convergence criterion is the one used by Emch 8, 9] . Here all the A~(including A 0 ) are assumed to be Calgebras: in the above example, A 0 = C 0 (T R n ), the algebra of continuous functions on phase space vanishing at in nity, and in 8, 9] the A~for~> 0 are isomorphic to the C -algebra of the canonical commutation relations (we will take A~as the compact operators on L 2 (R n ) in this case, which is technically more convenient, cf. 31]). Convergence is de ned using expectation values in certain families of states f!~g~ 0 which interpolate between classical and quantum states of the system (our technical implementation of this idea will be quite di erent from 8, 9] ). Now generalize the con guration space Q from R n to a homogeneous space G=H, where G is a Lie group and, for simplicity, H is taken to be a compact Lie subgroup. The quantum theory of particles moving on such spaces is very pretty, including topological quantum e ects such as coupling constant quantization, and the phenomenon of induced topologically nontrivial gauge elds 18, 19, 20, 21] . In fact, from the`right' point of view 11, 38, 20] , so is the classical theory. Pioneering works 2, 8] studying low-dimensional examples of such spaces took A 0 = C 1 (T Q), to be quantized in a straightforward fashion, and thus, for reasons to become clear in what follows, missed some of the most interesting features.
Instead, our starting point is a natural choice of the quantum algebra of observables, the transformation group C -algebra A 1 = C (G; Q) 6, 24, 17, 18 ] (see sect.
2 below for details). The deformation leading to the correct classical limit is to leave Q as it is, and only deform G (and its action on Q). This gives a family of algebras A~= C (G~; Q), which are all isomorphic for~6 = 0. However, A 0 is abelian, and equal to C 0 ((T G)=H). Specializing the results of 38, 26] to the case at hand, we recognize the Poisson manifold (T G)=H as the`universal phase space' of a particle on Q = G=H moving in an external Yang-Mills eld, with respect to the gauge group H. This is neat, since it has recently been found 19, 21] that the quantum algebra A 1 (and therefore all the A~,~6 = 0) have inequivalent representations (that is, superselection sectors) physically corresponding to the quantum particle acquiring a charge which couples to an external classical Yang-Mills eld with the same gauge group H. Our procedure involves a slight change of philosophy as compared to conventional deformation quantization 1], in which one keeps f; g 2 A 0 xed, and`creates' the quantum algebras A~by deforming the multiplication on A 0 (and, if necessary, completing A~in a suitable norm 32]). For us all the A~are given C -algebras, including the product ~, norm k k~, and involution ~, and the quantization of a function f 2 A 0 amounts to nding a family ff~g~, with f~2 A~, such that f~is self-adjoint if f f 0 is (i.e., real-valued), and such that the correct classical limit is obtained. Even if one starts from (T G)=H rather than T Q, the conventional procedure would not lead to the algebras C (G~; Q) unless G is of exponential type. The aim of this paper is to explain the situation sketched above in full (mathematical) detail, and develop some techniques which may be useful when studying deformation theory in the framework of C -algebras of observables of a physical system (as such, our work is quite unrelated to that of Woronowicz on quantum groups 42]). We specially emphasize and analyze the various notions of a`classical limit' that one may adopt: non-uniqueness galore here! We start in sect. 2 with some preliminaries on deformations of groups (mostly taken from 34], which studies the special case H = G) and crossed product algebras, including their representations (superselection sectors). It will turn out that the so-called regular representation of the transformation group C -algebras we use is equivalent to geometric pre-quantization. The algebra of classical observables is a Poisson algebra on the manifold (T G)=H, and we describe its foliation by symplectic leaves. In sect. 3 we specify what is meant by quantization in the present context, and generalize the notion of a Wigner distribution function, well-known for Q = R n , to arbitrary homogeneous spaces. Symplectic leaves, (quantum) superselection sectors, and Wigner functions form the main tools in establishing a correspondence between classical and quantum mechanics, the Wigner function being a particularly useful`visual' aid. Central to our approach is the idea of a classical germ, introduced in sect. 4: this is a generalization of both a classical state 9] and a coherent state 29]. Our convergence criterion is stated in terms of classical germs, and in sect. 5 we rstly show that a statement analogous to (1.1) holds, in which one takes the limit of a family of expectation values of the operators. Secondly, the classical limit of quantum states is examined: it is shown that any pure state on A 0 (i.e., any point in (T G)=H) can be obtained as the classical limit of a germ of mixed quantum states, but that pure quantum states in a xed superselection sector (in the sense of an equivalence class of states) can only converge to T Q (T G)=H. As we show in a simple example, this can be remedied by generalizing the notion of a classical limit of quantum states, by making the superselection sector~-dependent. Finally, in sect. 6 we examine the classical limit of superselection sectors, and show that such sectors naturally converge to entire symplectic leaves in (T G)=H (rather than to a point). This leads to the idea that, while from a quantum point of view, classical superselection sectors correspond to inequivalent representations of A 0 , hence to points of (T G)=H, the physically relevant classical analogue of a superselection sector is a symplectic leaf (other arguments in this direction are given in 43] ). This analysis is performed using a total algebra of observables, incorporating the A~for all~. The dual of this algebra carries a natural topology, equivalent to the Jacobson topology on its maximal ideal space, which allows a precise de nition of convergence of quantum superselection sectors to classical ones.
The author owes a great debt to the referee of this paper for detailed comments and criticism. In particular, the statement of Theorem 2 and the proof of Theorem 4 underwent substantial improvements as a consequence of the excellent refereeing. U~ g~with exp U 1 exp U~ G~. Also, for any f 2 C 1 c (g) there will be a~0 > 0 such that suppf U~for all~2 0;~0), so that any such f becomes a well-de ned element of C 1 c (G~) for~in this range (for G exponential these identi cations can be made without the restriction to compact support, and are valid for any~). In explicit formulae, the occurrence of f(x) will mean that its argument is taken to be in some G~, whereas writing f(X), with the same function f, means that the variable is in g. That is, for simplicity we do not change the symbol f in such cases, and occasionally we write f(e X ) instead of f(X) if no confusion can arise. . For~6 = 0 there exists an isomorphism J~: G ! G~, whose derivative j~: g ! gã t the origin is given by j~X = X=~. Clearly J~ exp = exp j~, and by de nition J~(xy) = (J~x) ~( J~y). Thus any function f on G~pulls back to a function J ~f on G, given by (J ~f )(x) = f(J~x), x 2 G (and vice versa).
In the rest of this paper we assume G to be unimodular. We denote the Haar measure on G (with xed normalization) by dx. The Lebesgue measure on g is written as d n X, n = d G , the dimension of G. The de nes the deformed crossed product; product and involution are still given by (2.3), (2.4) (extended by continuity if necessary), and the norm satis es the inequality k f k~ k f k 1 .
We apply this to the case B = C 0 (Q) (the abelian C -algebra of continuous functions on Q = G=H vanishing at 1). G acts on Q by left translation (which we simply write as xq, x 2 G and q 2 Q), which leads to a -automorphism on C 0 (Q), given by ( x f])(q) = f(x ?1 q). We will often write x~q for (J ?1 x)q. The deformed crossed product (now referred to as a transformation group C -algebra) will just be called A~ C (G~; C 0 (Q)) ( C (G~; Q)). It 
ii) reduced regular representation: The main virtue of the regular representation is that it is faithful for all~, as opposed to the reduced regular representation given below, which is faithful only for~6 = 0 (these statements hold irrespective of whether G is amenable, since H is compact: in this case, it follows from the explicit construction of the irreducible representations of C (G; G=H) 18 ] that these are all contained in the regular one). For~6 = 0 the regular representation can be decomposed as a direct integral of copies of what we call the reduced regular representation rr (2.13) where d is the dimension of H .
The irreducible representations ( )~(or , for short) are superselection sectors of a quantum particle moving on Q. Their physical interpretation is that in the sector the particle has an internal charge coupling to a Yang-Mills eld with gauge group H 19, 20, 21].
Classical algebra of observables
It follows from (2.6) and (2.7) (with~= 0) that A 0 is isomorphic to C 0 (g Q), the isomorphism being given by the Fourier transform (2.9): one simply hasf 0ĝ = fĝ, and the involution is complex conjugation. Interestingly, g Q is a way of representing the Poisson manifold 39] (T G)=H, which can be physically interpreted as the`universal phase' space of a particle on G=H moving in an external Yang-Mills eld 38].
Recall (e.g. it is inherited by (T G)=H. We denote points of (T G)=H by (p; q), p 2 g (as above), q 2 Q, and rede ne the R a ocurring in (2.14) as vector elds on Q, given by (R a f)(q) = d=dt f((exp tT a )q) t=0 . With this notation, the Poisson bracket on (T G)=H is simply given by (2.14), cf. 25].
A As we shall see in sect. 6, these symplectic leaves play the role of superselection sectors in classical mechanics (also cf. 43, 20] for di erent arguments in this direction). The physical interpretation of the symplectic leaves of any quotient (T P)=H, where P is the total space of a principal bundle over a base space Q with structure group H, was given in 11, 38, 26]: the particle whose classical states are described by such a phase space moves on Q and has a`charge' O h coupling to a classical Yang-Mills eld with gauge group H. The`trivial' leaf T Q is the phase space of a chargeless particle.
With hindsight (i.e., starting from A 0 ), the quantum algebras A~and the construction of their representation theory may be said to provide a way of quantizing the Poisson manifold (T G)=H. The quantization of Poisson manifolds which are not symplectic is of great current interest, and other ways of tackling this problem are given (in a more general setting ) in 15, 40, 37] . These references do not construct irreducible representations of the quantum algebra, that is, the main constructions provide an algorithm only for the prequantization stage.
Quantization and Wigner functions
We interpret quantization as the following procedure (cf. 2] in a di erent mathematical setting): given an element f 2 A 0 , nd a family ff~2 A~g~(for small enough~) such that the map f ! f~is linear and involution-preserving (mathematically, this means that f = f in A 0 must imply that f ~= f~in A~, and physically it demands that observables are quantized by observables, that is, self-adjoint operators), and such that the algebraic conditions (1.1) hold in an appropriate analytical sense (see sect. 5). We do not impose any a priori continuity conditions in~, but we will nd (in sect. 6, corollary 1 ) that our choice of the quantization map is continuous inĩ n the sense proposed by Rie el 32].
If G is not of exponential type, we cannot quantize all functions in A 0 , at least not given our choice of the quantum algebras A~, but we are able to quantize a dense subalgebra A 00 A 0 . We take A 00 C 0 (g Q) to consist of the Fourier transform (2.9) of C 1 c (g Q), that is, a functionf is in A 00 i it is of compact support in q (2 Q), and in the Paley-Wiener class 30] in p (2 g ). We will interchangeably write f orf for the given element of A 0 ; these are identi ed as abstract elements of A 0 via the Fourier transform.
The quantization map is evidently not unique: the choice made by us preserves G-invariance (cf. 34]), and in case that G = Q = R n reduces to a compact operator version 31, 18] where h ; i is the inner product in H .
It should be clear that the de nition of the Wigner function depends on the quantization prescription used, and that the~-dependence of W~results from this dependence, as well as from a possible~-dependence of the vectors i .
Classical germs
In what follows, we take the interval I in which Planck's constant takes values to be I = 0; 1] for the sake of concreteness (in speci c cases, like G = Q = R n , the theory works for I = R, but we leave such generalizations to the reader). Then we are given the family of algebras fA~g~2 I , and the quantization prescription A 0 3 f ! f~2 A~. Such a family ff~g~2 0;~0) de nes a cross-section F of the eld fA~g~2 0;~0) , given by F(0) =f and F(~) = f~for~2 (0;~0). We may regard F as an element of the function space C 1 ( 0;~0); C 1 c (g Q)) ( Relative to 1 , a classical germ is de ned as a family f!~g~2 0;~0) (for some I 3~0 > 0) of states, with !~2 S(A~) (the state space of A~), satisfying the property that the function~! !~(F(~)) is continuous for all F 2 1 on the strip 0;~0). This implies, in particular, that the function~! !~(f~) is continuous for all f 2 A 00 , relative not only to (3.1), but to any reasonable quantization prescription.
This type of continuity of expectation values of physical observables is one that is shared between states and operators, and is only imposed on expectation values of observables. This seems physically more reasonable than imposing continuity conditions in~on the quantization map f ! f~itself, or on families of states carrying a topology not related to the quantization map. (In corollary 1 in subsect. 6.2 below we will see that the elements of 1 de ne continuous cross-sections of the eld of C -algebras fA~g, and this shows that classical germs could equally well be de ned by requiring continuity in~of the expectation value of any continuous cross-section of this eld. We are indebted to a referee for this remark.)
There is a simple (and, as we shall see, essentially exhaustive) way of constructing classical germs. This is expressed by the following Theorem 2 1. Let f!~g be a family of states de ned for all~2 (0;~0) (!~2 S(A~)), satisfying the two assumptions (for all f 2 A 00 ) that rstly the function is, we will not bother about H, which can simply be incorporated by imposing Hinvariance of elements of C 0 (T G). Then f~is H-invariant as well, and no analytic subtleties arise under our standing assumption that H be compact. We rst show by a direct argument (A) that ! 0 is positive on A 00 . We can extend ! 0 to a larger subspace A 00 A 0 , which is the Fourier transform (2.9) of C c (g G); this extension is de ned exactly like ! 0 on A 00 , and is still positive, since f~is well-de ned for f 2 C c (g G). Since i.e., ! 0 (f f) 0 on a dense subset A 00 of A 0 , so that ! 0 is positive. Proof of (4.7). We take A~= (f 2 )~?(f~) 2 , with f 2 C 1 c (g Q). For xed~> 0 this operator is compact and self-adjoint, so that it has an eigenvector ~2 L 2 (G) with norm 1, so that k A~k= j(A~ ~; ~) j. We assume that~is small enough, so that the support of f lies in exp(U~) G~(cf. subsects. 2.1, 2.2). We then use (3.1), (2.11), the convolution expression for f 2 , (2.2) and (2. Take a regularization fj n g n2N of the Dirac delta-function (distribution) at the origin of R n (that is, j n 2 D(R d G ) for all n, R d d G X j n (X) = 1 and
). Let fk n g n be an approximate unit 28] in C 0 (Q); then fu n g n , de ned by u n (p; q) =ĵ n (p)k n (q) is an approximate unit in A 0 . To show this, one needs to check that lim n!1 k u n A ? A k= 0 for all A in a dense subalgebra. Using the fact that the C -norm is bounded by the L 1 -norm, cf. subsect. 2.2), this is easily done on C 1 c (g Q), regarded as a subalgebra of L 1 (g; C 0 (Q)), hence of A 0 . The crucial point is that the quantization f(u n )~g n provides an approximate unit for any A~, as may be checked on C 1 c (G~; C 0 (Q)) Aũ sing (2.3), (3.1), and the bound mentioned above. Therefore, fQ~(u n )g n is an approximate unit in K(L 2 (G)).
C. Positive de nite quantization.
Recall 10] the Weyl quantization off 2 C 1 (T R n ), with partial Fourier transform f (given by the inverse of (2.9)) in C 1 c (T R n )): the operator Q~(f) on L 2 (R n ) is Hilbert-Schmidt, with kernel (Q~(f))(x; y) =~? n f( x + y 2 ; x ? ỹ ): with Wigner function W~ ~( x; p) = (2=~) n e ?(x 2 +p 2 )=~: (4.13)
We then de ne a new quantization map Q pos by Q pos (f) = Q~(W~ ~ f); (4.14) where is the convolution product in R 2n . It follows from Prop. 1.99 in 10] that Q pos is a positive map. The explicit form of W~ ~e asily implies that Q pos coincides with Q~for~! 0, in the sense of (4.4). This construction may be generalized from R n to arbitrary Lie groups G once we realize the geometric signi cance of (2.11) with (3.1) (of which (4.11) is a special case). Namely, we may choose an arbitrary right-invariant linear connection on G (cf. sect. II. 1.3 in 13] ), e.g., the Levi-Civita connection coming from a right-invariant metric on G. It then follows from (2.11) and (3.1) that the kernel of the HilbertSchmidt operator Q~(f) on L 2 (G), where f 2 A 00 , can be written in terms of the geodesics de ned by the connection (recall that (Q~(f) = r r (f~)):
(Q~(f))(x; y) =~? n f(? 1 _ x!y (1=2)); (4.15) where x!y ( ) is the a nely parametrized geodesic connecting x and y, such that x!y (0) = x and x!y (1) = y; this geodesic is unique if x and y are close enough (an assumption justi ed below). The tangent vector eld to the geodesic is denoted by _ , so (4.15) prescribes to take the value of f (de ned on TG) at minus the tangent vector halfway between x and y. Eq. (4.11) is obviously a special case of (4.15); in fact, (4.15) may be written in exactly the form of (4.11) upon a suitable choice of co-ordinates on TG, which are given in 23] for general Riemannian manifolds.
To do so, we choose a partition of unity ( ) 2I on G, based on a covering (V ) 2I of G, so that the inner product in L 2 (G) is
Now take 2 C c (V ) L 2 (V ). Recalling that f 2 C 1 c (T G) has compact support particularly in the ber direction, we see from (4.15) that for su ciently small( depending on f) the support of Q~(f) is in V , because (Q~(f))(x; y) will vanish if y is too far from x on account of the scaling factor 1=~. Since C c (V ) is dense in L 2 (V ) and Q~(f) is bounded, we conclude that for~small enough Q~(f) is a well-de ned operator on L 2 (V ). Here 2 I was xed, but since f has compact support on G we may take I nite, and the above holds for any 2 I.
We now take xed (e.g. = 1 by convention), and assume for simplicity that V 1 = exp U 1 (cf. subsect. 2.1 for the de nition of U 1 g). We may choose the covering in such a way that any other V can be obtained from V 1 by translation with a xed element of G, and the consideration below may then be repeated verbatim for the translates. We now employ the push-forward exp : TU 1 ! TV 1 of the exponential map exp : U 1 ! V 1 , and use Euclidean co-ordinates (X; Y ) on TU 1 ' U 1 g R n R n adapted to the basis fT a g a of g. We claim that for~small enough and f 2 C 1 c (T G) ( is a special case of eq. (1.1) in 23]. Therefore, apart from the positive de nite function in (4.17) (which, in any case, will be rescaled to (~Y ) and approaches (0) = 1 in the limit~! 0), the quantization Q~of f, localized and expressed in suitable co-ordinates, is the Weyl quantization of f exp , and hence can be deformed into a positive de nite quantization Q pos exactly as in (4.12-4.14). Using (4.2) and (4.14), it is easy to see that condition (4.4) is satis ed. Also, Q pos still preserves the approximate unit fu n g n for~> 0, as follows from a simple Gaussian integration. Hence we have constructed the desired positive de nite quantization Q pos , asymptotically equal to Q~, concluding item C.
It remains to be shown that continuity of the function~! !~(f~) for all f 2 A 00 implies the continuity of~! !~(F(~)) for all F 2 1 . Realizing that A~ K(L 2 (G)) (the compacts) for~> 0, so that all states are given by density matrices on L 2 (G), this extra continuity follows most easily in the Wigner function representation. Let f ~g be a collection of density matrices on L 2 (G), and let W~ be the Wigner function corresponding to ~( suppressing the~-dependence of , if = P n n n ], where n ] is the orthogonal projector on n 2 L 2 (G), then the Wigner function W~ is given by P n n W~ n , where W~ is de ned after (3.3). The sum over n converges in the weak -topology, if we regard the W~ n as states on C 0 ((T G)=H) via (3.5) .18) is smooth, the continuity of its left-handside is dictated by the properties of the Wigner function alone, as is the continuity of (3.5) in~. The claim follows. This concludes the proof of part 1 of the theorem. 2. This is obvious. Note that the vector state de ned by the ~h as a limit for~! 0 if the Wigner functions W~converge to a distribution of order 0 (in the topology of S(R n ; D(Q)) 0 , the R n here being g ). which for~! 0 converges to ((2 ) n times) the Dirac distribution at (p; q). Coherent states in L 2 (R n ) are usually de ned with reference to the HeisenbergWeyl group 29]; it is more in the spirit of the present paper to construct them from the point of view of transformation group C -algebras, as follows. The reduced regular representation r r of A~= C (R ñ ; R n ) (which is isomorphic to the C -algebra of compact operators 18]) is canonically associated (cf. 28] for general crossed products) with a representation 1 of C 0 (R n ) by multiplication operators on L 2 (R n ), which extends to a representation of L 1 (R n ), and with a representation 2 of R ñ by translation, i.e., ( 2 (a) )(x) = (x ?~a). L 2 (R n ) decomposes as a direct integral under 2 , with improper one-dimensional eigenspaces ' p given by ' p (x) = exp(ipx). Now let 2 L 2 (R n ) be normalized, and de ne ~b y ~( x) =~? n=4 (x~? 1=2 ).
Then the vector~ pq = 1 (' p=~) 2 (q=~) ~d e nes a classical germ. For (x) = ( ) ?1=4 exp(?x 2 =2) we have~ pq = pq . This procedure can obviously be extended to more general transformation group C -algebras. 5 The classical limit
Operators
We are now in a position to make the`lim' symbols in (1.1) precise. Proof. The rst part of the proof is a tedious formal computation, in which f~ g~ (~) is expanded in powers of~, up to O(~2), using (2.5) and (3.1). Upon a Fourier transform (2.9), this gives the desired result up to a term of the form 2 !~(R (2) (f; g;~)), where R (2) (f; g;~) is the remainder of the Taylor series in question (for H = G this computation is given, in a di erent setting, in 34]). By the Schl omilch formula, the remainder is R (2) (f; g;~) = R 1 0 d (1 ? ) 00 (~ ), where 00 is the second derivative of with respect to its argument. Since f and g are smooth and compactly supported, it easily follows from the explicit form of that it is smooth in~, and compactly supported in x; q. Hence one obtains a bound on the remainder. From this bound, as well as the property of f!~g that it converges to a state ! 0 , it follows that lim~! 0 !~((R 2 )(f; g;~)) exists and is nite. The prefactor~2 multiplying this remainder then guarantees the validity of the theorem.
States
The convergence criterion and result stated above is only signi cant if classical germs separate A 0 . This is expressed by the following Proposition 1 For any pure state ! 0 on A 0 there exists a classical germ, constructed from vectors in L 2 (G) (cf. Theorem 2, part 2), which converges to ! 0 .
Proof. We identify exp U~ G~with U~ g (cf. subsect. 2.1), and use coordinates X a on g. De ne n functions ff a g a=1;:::n on g as solutions of the dif- f a (0) = 0 (so that f a (X) = X a for G abelian). Now choose a pure state on A 0 , that is, a point (p; q) 2 (T G)=H ' g Q. For simplicity we assume that q is such that a smooth local section s : V ! G (q 2 V Q) exists which maps q into exp U~, so that in local co-ordinates s(q) = fs(q) a g a=1;:::;n ; if not, one should translate exp U~by a xed element y of the group so that s(q) 2 y exp U~, and employ the local co-ordinates X on y exp U~, so that X = 0 corresponds to the point y 2 G rather than to e 2 G. The argument below may then be repeated. (Also, the use of a section may be avoided by proving, using the method used below, the existence of classical germs constructed from vectors in L 2 (G) which converge to arbitrary states on C 0 (T G); this implies the corresponding result for C 0 ((T G)=H) since C 0 ((T G)=H) C 0 (T G) (recall that H is compact). In case that H is nontrivial, the states !~in the above construction are all mixed (yet they converge to a pure state). This is not peculiar to our particular construction of the states !~. Recall In order to reach the other leaves in (T G)=H as limits of classical germs, we need to make dependent on~, so as not to remove theỸ i dependence of F 1 above in the limit~! 0. This is best illustrated by a simple example.
Example. Take G = U(1) U(1), acting on Q = T, the unit circle in the complex plane. We also identify the factors U(1) in G with T. The element (z 1 ; z 2 ) 2 G maps q 2 Q into z 1 qz ?1 2 . Hence H = U(1) d as the diagonal subgroup of G (i.e., consisting of elements of the form (z; z), z 2 U(1)). We choose q 0 = 1 (see text preceding (2.11)), and de ne a section s : Q ! G by s(q) = (q 1=2 ; q ?1=2 ). Here the square-root has a cut at (?1; 0) so that s is de ned for q 6 = ?1. co-ordinates on g).
Clearly, for k xed, lim~! 0 (W~ ~) k is proportional to (p + ), that is, the classical limit state is a measure on (T G)=H concentrated on G 0 (cf. (5.4) ), as predicted by the proposition above. Now, however, choose c 6 = 0, and take k = k(~) to be k(~) = m for c=(m + 1) <~ c=m. Pick a xed element ~2 L 2 (T), and de ne a sequence of states f!~g by !~(f~) = (( k(~) )~(f~) ~; ~) . As this involves jumps in~, the f!~g do not strictly form a classical germ, but we nonetheless have from (5.5) (with (3.6)) that the limiting state ! 0 is described by a Wigner function which is proportional to (p + ? c). Therefore, any leaf G c can be reached by a sequence of pure states which do not lie in the same sector.
Physically, this corresponds to making the charge of the particle moving on Q -dependent in taking the classical limit. That this is necessary in order to obtain a classically charged particle is well-known, and is described in a di erent context in 36, 14] . Using group-theoretic techniques developed there, one may also generalize the above example to arbitrary compact simple Lie groups (rather than H = U(1)). The role of the representation k of U (1) is then played by the k-fold tensor product of a highest weight representation of H, restricted to the irreducible component generated by the tensor product of the highest weight vectors.
It is interesting that any symplectic leaf in (T G)=H can be obtained in this way, not just the ones that are labelled by co-adjoint orbits O h which arè quantizable' in the sense of geometric quantization, that is, lead to irreducible unitary representations of H via the Borel-Weil theory.
6 Planck's constant as a superselection rule
To understand the classical limit from another point of view, we propose to study our situation using a continuous eld of C -algebras 5], indexed by~. This approach was directly motivated by Rie el's work on`strict' deformation quantization 32, 33, 34] . We assume throughout this chapter that~takes values in the index set I = 0; 1].
The idea is to combine all the A~into a single C -algebra C, and to study convergence The case G = R d is illustrative and relatively straightforward, and may be handled using simpler techniques than the general case (cf. 35] for general crossed products de ned by an action of R d on a C -algebra).
Special case: G abelian
In this subsection only, we take G = R d , and accordingly drop the assumption that H G be compact. We de ne the constant eld of C -algebras (B~)~2 I (I = 0; 1]), with B~= C 0 (Q). Now note that every g 2 C 0 (I Q) de nes a continuous crosssectiong of this eld, as the map~!kg(~) k= sup q2Q jg(~; q)j is continuous for each such g. This follows from Theorem 4 below (and can be proved directly using the technique in the proof of that proposition). Also, C 0 (I Q) is clearly closed under addition and multiplication, so that we can put B = ((B~)~2 I ; C 0 (I Q)) to be the C -algebra de ned by the eld (B~)~2 I ) and the continuity structure ? = C 0 (I Q), cf. 5, 10.4].
Since G is abelian, it acts on each B~, and this leads to an action of G on B, de ned by ( x g])(~; q) = g(~; x ?1 q) (the notation x~q is explained in subsect. between the topology on the spectrumĈ 0 of C 0 , and the topology on the orbit space of the G-action on I Q (recall that x 2 G maps (~; q) 2 I Q to (~; x~q)): for abelian G, the orbit space being non-Hausdor implies thatĈ 0 is non-Hausdor , too 41]. This orbit space is bered over I; the ber over 0 is Q, whereas the other bers consist of a point pt. Clearly, by the de nition of the quotient topology a sequence like s n = (1=n; pt) converges to f(0; q)jq 2 Qg. Hence if Q 6 = pt (i.e., H 6 = G) the topology on the orbit space is non-Hausdor . Therefore, the topology onĈ 0 must be non-Hausdor as well. Rather than being a`bad' property, this is actually necessary to guarantee that convergence of quantum (~6 = 0) to classical (~= 0) elements of the spectrum may be interpreted as convergence of quantum to classical superselection sectors. This will be explained in subsect. 6.3 below.
The general case: norm-continuity
For arbitrary (unimodular Lie) groups G the construction above breaks down, as G does not act on B in the non-abelian case. We have to construct a continuity structure ? in a di erent way, which we choose to be such that it is the minimal choice still containing the quantization maps f~, whilst satisfying the conditions stated in 5, 10.1.2, 10.3.2]. Note that the bigger the continuous eld ? de ning C is, the more di cult it is to explore the topology on its spectrum (see subsect. 6.3 below). (6.6) and extend to~= 0 by continuity of the right-hand side, as in (6.5). From (6.2), (6.3), (6.5) and (6.6) we have the following inequalities:
Since f and g are continuous at~= 0, it follows that f(0) = g(0), which with (6.3) and (6.6) proves the continuity of~!k F(~) k~at~= 0.
We now prove that the function~! ~( G(~)) (and therefore f) has the stated properties. We take F; G 2 1 arbitrary but xed. It follows from (6.1) (with F replaced by G), ( The integrals over g converge weakly to the operators in question (this will actually follow from Cotlar's lemma used below, but is easily shown by a direct computation (6.12) and an analogous inequality on k (~; Y 1 ; Z 1 ) (~; Y 2 ; Z 2 ) k involving the product of the supremum over Q of four F's. Since Hence the function~! ~i s continuous, di erentiable, etc., as its properties are entirely controlled by the corresponding properties of the function~! F(~) F(~).
We now return to the function~! (G(~) ~; ~) (~> 0). It follows from the preceding two paragraphs that this function is continuous and di erentiable, with bounded derivative on (0; 1]. Therefore, the limit for~! 0 exists. If the reader now returns to below (6.4), it will be clear that the proof is complete.
Corollary 1 The function~!k f~k~, for xed f 2 A 00 = C 1 c (g Q), is continuous for all~where f~is de ned.
Proof. This is immediate, and extends a result proved by Rie el 34] (also cf. 35]) using entirely di erent techniques for the case H = G and G nilpotent, and f~just given by f. To sum up, we have that the quantization maps f~are in C, that the A~are exhausted by C in the sense 5, 10.1.2.ii], and that C is (in a heuristic sense) the minimal eld with these properties. One may look at C as a universal algebra of observables, (improperly) containing all the A~. The representation theory of C follows from 5, 10.4.3]. The spectrum is structurally the same as with G abelian, i.e., it is a bered space over I; the ber over~= 0 is (T G)=H, and the ber over all other~isĤ (cf. subsects. 2.3, 2.4). In this description,~appears as a superselection rule, that is, a (partial) label of inequivalent representations of the algebra of observables.
Topology on the space of superselection sectors
The physically meaningful topology on the state space of any algebra of observables A is the weak topology; this topology directly relates to expectation values of operators, which are the observable numbers in quantum mechanics. This topology quotients to a topology on the spectrumÂ, which is described in 5, 3.4]. To handle this topology in case that A = C, we exploit the fact that in this case we may identifyĈ with the space Prim(C) of primitive ideals of C (that is, kernels of irreducible representations); the comments in the last paragraph of subsect. 6.1 apply here as well. The topology onĈ then coincides with the Jacobson topology on Prim(C).
It follows from the de nition of the Jacobson topology 5, 3.1] that a sequence f n g n converges to i the following condition is satis ed for all A in a dense subset of C: n (A) = 0 for all su ciently large n must imply that (A) = 0. Here is any irreducible representation in the equivalence class , etc.
For example, if X is a locally compact Hausdor space and A = C 0 (X), then A = X, and Prim(A) may be identi ed with X, if we identify the ideal I x = ff 2 Ajf(x) = 0g with x 2 X. It is easily seen (by examining the closure operation) that the Jacobson topology coincides with the original topology on X.
In our case A = C, points inĈ (or Prim(C)) are pairs (~; ) (for~6 = 0 and 2Ĥ) and (0; m), with m 2 (T G)=H. Recalling how C was constructed, we obtain a criterion with is su cient (not necessary) for convergence (we write ~; = ( )~, cf. subsect. 2.3): a sequence f(~n; n )g n , where~n ! 0, converges to (0; m) if the following condition is satis ed for all F 2 1 (cf. subsect. 6.2): ( n )~n(F (~n)) = 0 for all su ciently large n must implyF (0; m) = 0 (recall thatF(0), as a function of m = (p; q), is the Fourier transform in X of F(0) as a function of X and q).
Example. Take G = Q = R n . ThenĈ = T R n (Inf0g), which is bered over I, as mentioned earlier. The ber over~6 = 0 is a point pt, and the ber over~= 0 is T R n . The reduced regular representation is faithful, and the Hilbert-Schmidt kernel (2.11) of r r (F (~)) is given by ( r r (F (~)))(x; y) =~? n F(~)((x ? y)=~; x). Since this is smooth, r r (F (~)) = 0 i its HS-kernel vanishes everywhere. Since 0;m (F (0)) = F(0; m), the convergence criterion stated above implies that the sequence f~n; ptg, where~n ! 0, converges to all points (0; m), m 2 (T G)=H. As to the topology itself, it easily follows that the closure of a set (0; ") is T R n (0; "].
The interpretation of this result is as follows. The algebras A~in this example have a unique irreducible representation for~6 = 0, that is, the system has a single quantum superselection sector (cf. 18]). While the classical algebra A 0 has a T R n worth of representations as a C -algebra, it has a single representation as a Poisson algebra. In other words, the classical phase space T R n consists of a single symplectic leaf. In the classical limit~! 0 the unique quantum superselection sector converges to the entire classical phase space, that is, the unique classical superselection sector of the system.
In Proposition 2 in subsect. 5.2 we found that classical germs composed of quantum states in a constant sector must converge to a measure supported on T Q (T G)=H only. This result has an analogue in the present setting. Now refer to (2.12): the property ( )~(F (~)) = 0 is equivalent to (( )~(F (~)))(q; q 0 ) = 0 for all q; q 0 2 Q. It su ces to take q in (6.15) so as to lie in the normal co-ordinate patch around q 0 (cf. the proof of Proposition 1), i.e., q = exp(q T )q 0 . Here q 0 is arbitrary, and we take it to be in the same patch. Also, we take the~n small enough, so that suppF (~) is in C~, the ball of convergence of the CBH-expansion (cf. subsect. Hausdor , although the topology on the full spaceĈ clearly is not: no two points in a single symplectic leaf of (T G)=H can be separated by open sets inĈ.
